We give a detailed statement of a KAM theorem about the conservation of partially hyperbolic tori on a fixed energy level for an analytic Hamiltonian H(I, ϕ, p, q) = h(I, pq; µ) + µf (I, ϕ, p, q; µ), where ϕ is a (d − 1)−dimensional angle, I is in a domain of R d−1 , p and q are real in a neighborhood 0, and µ is a small parameter. We show that invariant whiskered tori covering a large measure exist for sufficiently small perturbations. The associated stable and unstable manifolds also cover a large measure. Moreover, we show that there is a geometric organization to these tori. Roughly, the whiskered tori we construct are organized in smooth families, indexed by a Cantor parameter. The whole set of tori as well as their stable and unstable manifolds is smoothly interpolated. In particular, we emphasize the following items: sharp estimates on the relative measure of the surviving tori on the energy level, analyticity properties, including dependence upon parameters, geometric structures. We apply these results to both "a-priori unstable" and "a-priori stable" systems. We also show how to use the information obtained in the KAM Theorem we prove to construct unstable orbits.
Introduction
Chains of whiskered invariant tori are the building blocks to prove instability of some Hamiltonian systems by a mechanism suggested in a celebrated example of Arnol'd [2] . Even if several precise formulations of Arnol'd diffusion have been proposed in the literature, all of them share that there are chains of invariant tori with hyperbolic directions so that the stable and unstable directions intersect. Then, orbits that follow these transition chains experience "large" changes in the actions. In this paper, we want to make a detailed study of the survival of whiskered tori and prove results that we hope can be eventually used in the program outlined above. In particular, we pay special attention to how the tori fit together. We not only prove measure theoretical statements about their abundance (which we show are optimal), but we also show that these tori are organized in a geometric manner. All the whiskered tori that we prove are invariant can be interpolated by a smooth family of whiskered tori (not all the members of the family are invariant). Moreover, we show that the set of invariant tori is organized in smooth families. This interpolation is constructed along the proof somewhat explicitly. We also construct a similar interpolation for the stable and unstable manifolds. We also pay attention to the analyticity properties of the tori and of the transformation involved, including regularity with respect to the parameter of perturbation.
We will consider an unperturbed Hamiltonian H(I, ϕ, p, q) = h(I, pq) with I in a domain 1 of R d−1 , ϕ ∈ T d−1 , p and q real in a neighborhood of the origin. Moreover, we will endow the phase space R d−1 × T d−1 × R × R with the standard symplectic structure ω = i dI i ∧ dϕ i + dp ∧ dq so that I i and ϕ i are conjugate variables and so are p and q. We will refer to I as the action variables, ϕ as the angle variables and p, q as the hyperbolic variables. The equations of motion of this unperturbed Hamiltonian arė
where the dot stands for the derivative with respect to time. We will denote by Φ t the flow of these equations. Note that fixing any I 0 in the domain of definition, the d−1 dimensional torus T I0 = {(I 0 , ϕ, 0, 0), ϕ ∈ T d−1 } is invariant under the equations of motion. Moreover, the torus T I0 is contained in the invariant manifold S I0 = {(I 0 , ϕ, p, q)}, on which the motion is simply Φ t (I 0 , ϕ, p, q) = I 0 , ϕ + ωt, pe −λt , qe λt with λ and ω depending only on the product of the hyperbolic variables p and q. If we call ζ = pq, we have that ζ is an invariant of the motion and λ(ζ) = ∂ ζ h(I 0 , ζ), ω(ζ) = ∂ I h(I 0 , ζ). The torus T I0 has the following local stable and unstable manifolds ≡ {(I 0 , ϕ, 0, q) , ϕ ∈ T d−1 , |q| ≤ R} and we will call them whiskers, following [2] . A formal definition of whiskered torus will be given in Definition 2.8 below.
We will prove that most of the above tori, together with their associated invariant manifolds, are preserved under perturbations. Roughly speaking, Theorem 3.1 below asserts that:
If the Hamiltonian H(I, ϕ, p, q) = h(I, pq; µ) + µf (I, ϕ, p, q; µ) (1.1)
is real analytic and "isoenergetically non-degenerate" 2 and |µ| is sufficiently small, then there exists a smooth canonical transformation, close to the identity, analytic in the parameter µ, in the angles and in the hyperbolic variables, such that, on a suitable set, the new Hamiltonian depends only on the actions and on the product of the hyperbolic variables. In this way, (d − 1)−dimensional invariant tori and smoothly interpolated d−dimensional whiskers are obtained. Such whiskered tori fill the space with density at least 1 − O( |µ|).
Here and in the sequel, when we refer to a KAM-type transformation as "smooth", we mean "C ∞ in the sense of Whitney" (see, for example, [40] , [26] , [32] and [7] ). Anyhow, following [9] , a direct and fully constructive extension is possible, making use of elementary "bump functions".
The above result applies directly to the so called "a-priori unstable" systems, in the terminology of [11] . Such systems are obtained perturbing Hamiltonians which possess separatrices: see Definition 2.2 below. A detailed result for whiskered tori in a-priori unstable systems is given in Theorem 5.2 below. 1 In this paper, we use the word "domain" to denote the closure of an open, bounded, connected set.
2 Which means that the matrix ∂ 2 I h ∂ I h ∂ I h 0 is nonsingular on the energy level. See Section 2.2.
We also apply our KAM Theorem to "a-priori stable" systems (see Definition 2.1 below), showing that such systems have the above mentioned geometry near simple resonances. Theorem 6.5 provides a detailed statement for whiskered tori in a-priori stable systems. Also, in Theorem 6.6, we prove that near the Diophantine resonances, that the density of the "holes" is exponentially small in ε, i.e. the persisting tori fill a suitable domain of the energy level with density at least 1 − O(e −O(1/ε c ) ), where c is a suitable constant. Theorem 3.1 is similar to Lemma 1 of [11] . The main differences between our Theorem 3.1 and [11] are listed below:
(i) We obtain a relation between the Diophantine constant γ and the size of the perturbation µ similar to the one obtained in the classic KAM Theorem (i.e. γ = O( |µ|): see, for example [29] and [32] ). We also obtain some characterizations of the set of validity of the Theorem. As a consequence, we obtain estimates on the measure of the space covered by the surviving tori, proving that the "holes" on which the Theorem fails are not wider than O( |µ|). We will also exhibit a simple example which proves that these estimates are sharp.
(ii) We prove the analytical dependence upon the parameter µ for fixed energy rather than for fixed frequencies, as proved in [11] .
(iii) We study the geometry of the interpolation between tori, observing a structure of "filaments".
The first KAM results about persistence of whiskered tori go back to [22] and [44] , and normal forms for whiskered tori can be found in [18] , [21] , [14] , [30] . The recent paper [35] also considers a KAM theory about partially hyperbolic tori; they obtain, with a different method, the relation between γ and µ mentioned in (i). Moreover, the statement in [35] is obtained for fixed frequencies instead of fixed energy. The proof in [35] follows the scheme in [32] and deals with the frequency-angle variables instead of the action-angles coordinates used in our paper. Actually, for our purposes, we need a slightly more detailed statement than the one in [35] : here (as well as in [12] ) we need a "good" characterization for the set in which the KAM Theorem holds [namely, the relations of the type of (3.6)], in order to construct the diffusion [i.e., the unstable orbits built in Section 4].
The construction of the KAM tori and of the unstable orbits carried out in our paper are robust enough to apply to the so called "anisochronous" cases 3 , in which the KAM tori are separated by gaps.
A KAM theory for systems with a degenerate integrable part is developed in [42] , for the hyperbolic case, and in [41] , for the elliptic case.
The question of the persistence of KAM tori of codimension one (or bigger) is also addressed in [28] , Chapter V, Section 4. Results for whiskered tori of higher codimension can be found in [8] . See also [43] , which constructs a KAM algorithm for elliptic low dimensional tori under a mild non-degeneracy condition on the small divisors, extending the results of [17] , [33] , [6] .
Also, [25] , [24] and [38] consider the creation of low dimensional whiskered tori in perturbation of integrable systems.
Some of the papers quoted above take into account the case in which the system is not analytic. With regard to the problem of the conservation of the invariant tori and their hyperbolic manifolds for smooth Hamiltonians, see also the very recent paper [23] .
The persistence of KAM tori for reversible (instead of Hamiltonian) systems is discussed in [36] .
With respect to the papers quoted above, the target of Theorem 3.1 here is to provide a more detailed description of the partially hyperbolic tori of codimension one and investigate the structure of their whiskers, in order to apply directly these results to Arnol'd diffusion. We pay special attention to the smooth interpolation of such manifolds and provide a very strong normal form, in order to describe exactly the motion of a (d + 1)−dimensional neighborhood of any invariant torus, even if it is not possible to determine all the motions nearby. The existence of such a normal form is crucial in the construction of the unstable orbits presented here in Section 4.
The scheme of the present paper is the following. In Section 2 we recall common definitions such as the ones for "a-priori stable" and "a-priori unstable" systems, isoenergetic non-degeneracy and chain of whiskered tori. We also discuss a formula relating the determinant of the matrix of isoenergetic non-degeneracy with the function that implicitly defines the energy level, and we derive some characterizations of the isoenergetic non-degeneracy. In Section 3 we state the KAM Theorem about the preservation of whiskered tori and we discuss an example showing the optimality of our estimate on the density of the preserved tori. We also briefly emphasize the geometric structure of "filaments" related to these tori. In Section 4 we show that the whiskered tori built in Section 3 can be used to construct "unstable" orbits (i.e. trajectories that exhibit an excursion of order 1 in the action variables), provided that there exist a chain of such whiskered tori, in which the unstable whisker of each torus intersects transversally the stable whisker of the next one. We also remark that this procedure also allow to construct orbits "drifting towards infinity". In Section 5 and 6 we apply the KAM Theorems of Section 3 to the a-priori unstable and stable systems, respectively. Section 7 contains a detailed proof of the KAM Theorem which makes use of a Newton scheme. The Appendix collects some elementary Lemmas.
Preliminaries

A-priori stable and unstable systems
We recall here the terminology of [11] .
Definition 2.1 The Hamiltonian system H(I, ϕ) = h(I) + εf (I, ϕ; ε), in which h and f are real analytic for I in a domain of R d , ϕ ∈ T d , and ε is a small parameter, is called a-priori stable.
Such a-priori stable systems are often called nearly-integrable since they are perturbations of completely integrable systems written in action-angle coordinates.
Definition 2.2 The Hamiltonian system
H(I, ϕ, p, q) = R(I; µ) + P(I, p, q; µ) + µf (I, ϕ, p, q; µ) (2.1)
in which R, P and f are real analytic for I in a domain of R d−1 , ϕ ∈ T d−1 , p and q are real in the neighborhood of the origin, and µ is a small parameter, is called a-priori unstable if
when I, p and q vary in their own set of definition, and C is a positive constant, independent of µ.
Some authors refer to the a-priori unstable systems as "initially hyperbolic". Condition (2.2) means that p = 0 = q is a hyperbolic equilibrium. An example of a-priori unstable system is obtained choosing R as free rotators
and P as a pendulum
where g is a constant. As it turns out, a-priori stable systems also have partially hyperbolic orbits near simple resonances.
In the distinction between a-priori stable and a priori unstable systems, a crucial role is played by the size of the Lyapunov exponent near hyperbolic equilibria. This exponent is of order one in the case of an a-priori unstable system because of (2.2), while it is of order √ ε near the simple resonances of a generic a-priori stable system. This will be clarified in Section 6. To better understand the previous remark, the reader may check that the following example [to be compared with the previous (2.3)-(2.4)] is a-priori stable:
where ε > 0 is a small parameter. The procedure of making use of an "independent" parameter in a singular-perturbation problem was already used in [31] . The use of such a procedure in our paper will be clarified in Section 6.
The isoenergetic non-degeneracy
In this subsection, we will denote by F either R or C, and we will consider neighborhoods in F. This is done to deal with both the real and the complex case at the same time. 
for any I in the domain of h such that h(I) = E.
Notational Remarks. In the rest of this paper, we will use the same notation for both column and row vectors: for instance, following [4] page 409, we write
The only place in which we denote row vectors with the symbol of transposition "· T " is Lemma A.1, in order to avoid confusion between v · w [i.e. the scalar product between v = (v 1 , . . . , v n ) and w = (w 1 , . . . , w n )] and vw T [i.e. the matrix whose (i, j)−th entry is v i w j ]. We will also denote ω ≡ h ′ and use the symbol "tilde" for the first d−1 components of a d−dimensional vector. Also, we write | · | to denote a norm for real or complex vectors, and the sum of the absolute values of the components for integer vectors. We will not compute explicitly the constants appearing in the KAM proof, hence we do not fix explicitly the norm used in the finite-dimensional vector spaces, since they are, for our purposes, equivalent. On the other hand, a careful choice of the norms is necessary for a concrete and effective implementation of the scheme: see, for example, [10] . 
Proof. It follows from
The following conditions are equivalent:
(i) h is isoenergetically non-degenerate on the energy level h = E for I in a suitable domain of F d .
(ii) ω = 0 on the energy level h = E and, assuming for example ω d = 0 and denoting by I d (Ĩ) the function implicitly defined by h(Ĩ, I d (Ĩ)) = E and
we have
The following function G is a local diffeomorphism near σ = 1:
Proof. (i) and (iii) are equivalent because of the Implicit Function Theorem. The equivalence between (i) and (ii) follows from (2.6) and from ∂Ĩ I d = −α.
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Writing the details in the proof of the previous Proposition, it is easy to obtain the following .7). Then,
Similar definitions and results hold for a "partially hyperbolic" Hamiltonian h(I, pq), since the variable ζ = pq plays in this case only the role of a parameter. In particular, the condition of isoenergetic non-degeneracy becomes 10) for any I in a domain of F d and p, q in a neighborhood of 0. With a slight abuse of notation, we will refer to both (2.5) and (2.10) with the term of "isoenergetic non-degeneracy". All through the paper, the isoenergetic non-degeneracy condition concerns only the derivatives with respect to the actions I and never the derivatives with respect to the action ζ ≡ pq. Proposition 2.5 can also be slightly modified to include hyperbolic variables as follows:
(i) h(I, ζ) is isoenergetically non-degenerate on the energy level h = E for I in a domain of F d and p, q in a neighborhood of 0.
(ii) ω ≡ ∂ I h = 0 on the energy level h = E and, assuming for example ω d = 0 and denoting by
,
(iii) The following function G is a local diffeomorphism near σ = 1:
Whiskered tori and transversality
Following [2] , we give the following Definition 2.8 A torus T is called a whiskered torus for the flow Φ t if it is a connected component of the intersection of two manifolds W s and
In the KAM setting, the motion on these tori will be conjugated to an irrational (and, in fact, Diophantine) rotation, the trajectories on W s will converge exponentially fast to T and the trajectories on W u will diverge exponentially fast from T . Such a motion will be described in detail in (3.15) below.
We call W s and W u the stable and unstable whisker, respectively. We will denote by T p M the tangent space at p of the manifold M. If V = span{v 1 , . . . , v i } and W = span{w 1 , . . . , w j } are vector spaces, we set
Definition 2.9 Let M and N be submanifolds of the manifold X . We say that M and N are transverse in the point p with respect to the ambient space X if p ∈ M ∩ N and
In this paper, we will consider only transversality of whiskers with respect to a common, fixed energy level h = E. We now recall the standard definition of Diophantine vector:
We will use later the elementary fact that, if τ > n − 1, the (γ, τ )−Diophantine vectors fill the n− dimensional space with density 1 − O(γ). In the sequel, we will consider Diophantine vectors in the (d − 1)−dimensional frequency space, so that in the rest of the paper τ > d − 2 will be a fixed parameter.
A KAM Theorem about preservation of partially hyperbolic tori
In the sequel we will restrict to Hamiltonian systems whose number of degree of freedom is d ≥ 3. This is motivated by the very well known fact that, in our setting, Arnol'd diffusion does not occur for autonomous Hamiltonian systems with less than 3 degrees of freedom (see for instance [1] , [3] ). Anyhow, it is easy to see that some of the results of this paper remain valid even in the case d = 2. But in the case d = 2 it is not possible to have transverse intersections between the unstable whisker of a torus in the chain with the stable whisker of the next torus, so that the procedure given in Section 4 can not work.
Consider the Hamiltonian
with h and f real analytic in
and periodic in the angles ϕ. Denote ζ ≡ pq and assume that
and that h is isoenergetically non-degenerate on the energy level h(I, pq; µ) = E when the variables vary in O ρ,ξ,R,μ . Then, there exist R ∞ , 0 < R ∞ ≤ R, and a constant κ ⋆ (eventually depending on d, τ , and the sizes of h and f ), such that, for |µ| ≤ µ 0 ≡ κ ⋆ λ 2 0 ≤μ, there exist: (e1) a smooth canonical transformation Φ, close to the identity and real analytic (for a fixed action) in the angles, in the hyperbolic variables and in the parameter µ,
More precisely, if we denote
with a suitable 0 < ρ ′ < ρ, and a suitable γ 0 depending on
, with range in the action space, which is smooth in I, ζ, µ, and (for a fixed I) real analytic in ζ and µ, for |ζ| ≤ R 
where c is a constant with the dimensions of the inverse of an action, such that:
(P 2) The set Ω µ in (e3) can be described in the following two ways:
Furthermore,
µ) = E} and by dens E the d−dimensional restriction in the space of the actions and the hyperbolic variables of the Lebesgue density on the surface defined by the energy relation
(P 4) We have the following equality of sets:
(P 5) Denoting by dens E the (d − 2)−dimensional restriction of the Lebesgue density to the manifold defined by the energy relation h ∞ (I ′ , 0; µ) = E, we have
We term the variables (I ′ , ϕ ′ , p ′ , q ′ ) obtained with this procedure "normal coordinates", and refer to the Hamiltonian h ∞ as a "normal form", since the motion in the variables (I ′ , ϕ ′ , p ′ , q ′ ) according to the Hamiltonian h ∞ is particularly simple. As a matter of fact, from (3.2) and (3.6), it follows that the tori (written in normal coordinates)
are invariant under the Hamiltonian flow of h ∞ . Moreover, it follows that TĪ is contained in the manifold with boundary
which is locally invariant and on which the motion is simply:
In particular, the whiskers are (locally) parameterized as
We propose the name of fan to call sets of the type Ω µ × T d−1 , which collects the tori, their whiskers, and their normal hyperbolic trajectories.
The method of proof used here yields a very strong normal form, since (3.15) describes exactly the motion of a (d+1)−dimensional neighborhood of the torus (even if it does not determine all the motions near the torus). This normal form is at the basis of the construction of the unstable orbits presented here in Section 4 (as well as in [11] and in [12] ). Another fundamental ingredient in the construction of such unstable trajectories will be the fact that Diophantine properties (or, more generally, rationally independence) of the "old frequency" ∂ I h are preserved for the "new frequency" ∂ I ′ h ∞ , according to (P 1) of Theorem 3.1.
We remark the fact that the hypotheses of [12] can be readily derived 4 from the conclusions of our KAM Theorem. Namely, hypothesis (ii) of [12] follows from (3.2), (3.3), (P 1) and (3.15); hypothesis (iii) of [12] follows from (3.14) and (3.16). We also remind that for "isochronous" systems a much stronger normal form holds. See [20] .
We also remark that, leaving out the hyperbolic variables p and q, our proof also establishes the classic KAM Theorem for Lagrangian tori in isoenergetically non-degenerate systems. Moreover, the same result as Theorem 3.1 holds for Hamiltonians depending on several small parameters µ (1) , . . . , µ (n) : the proof would remain the same, denoting µ ≡ (µ (1) , . . . , µ (n) ) and considering it as a vector.
The proof of Theorem 3.1 is deferred to Section 7.
We now derive from Theorem 3.1 a KAM result for Hamiltonians depending on two parameters ε and µ, in which the parameter ε plays the role of a fixed singular-perturbation parameter, while the dependence on µ will be uniform. We will apply the following Corollary 3.2 in the a-priori stable setting, in which the Lyapunov exponent is not bounded from zero uniformly in the parameter. In reference to this, see Lemma 6.3 below.
with h and f real for any real value of (I, ϕ, p, q, ε, µ), analytic, for any fixed ε, |ε| ≤ε, in
and periodic in the angles ϕ. Fix ε ∈ R, |ε| ≤ε, and denote ζ ≡ pq. Assume that there exists a constant C > 0 such that
|h| ≤ C and sup |I−I * |≤ρ, |ℑϕ|≤ξ |p|≤R, |q|≤R, |ε|≤ε |f | ≤ Cµ , ∀|µ| ≤μ and that
Assume also that h is isoenergetically non-degenerate on the energy level h(I, pq; ε) = E when the variables vary in O ρ,ξ,R,μ × {|ε| ≤ε}. Then the analogous statement of Theorem 3.1 holds, with the constant κ ⋆ eventually depending on d, τ , C, but independent of ε. Now we will show that the estimates (3.9) and (3.13) are optimal, using an example which is an extension of one of [29] . Consider
where µ > 0 is a small parameter. If (I 1 , I 2 ) ∈ R 2 is sufficiently close to the origin, h is isoenergetically non-degenerate. The unperturbed system has the invariant tori T (I1,I2) = {(I 1 , I 2 , ϕ 1 , ϕ 2 ), (ϕ 1 , ϕ 2 ) ∈ T 2 }. We will show that the tori destroyed by the perturbation have measure ≈ √ µ: actually, if X is the set of (I 1 , ϕ 1 ) enclosed inside the separatrices of the pendulum I 2 1 /2 + µ(cos ϕ 1 − 1), we have that there is no surviving KAM torus in X , hence the measure of the holes is
In the KAM settings, the measure of the surviving tori is usually large for small values of the perturbation, but a surprising exception can be found in [37] .
The filaments
We will observe that the interpolation between the tori preserved in Theorem 3.1 presents a structure of "filaments". As stated in (3.14), these tori are interpolated by the smooth function I I ∞ (ζ; µ), i.e. the preserved invariant tori correspond to IĪ ∞ (0; µ) withĪ in the Diophantine set D τ . Propositions 3.3 and 3.4 will prove that, fixing µ and lettingĪ vary in D τ , the curves IĪ ∞ (ζ; µ) obtained in this way do not have self-intersections, and different curves do not intersect, so they can be seen as filaments, side by side: Proposition 3.3 Fixed µ, R ∞ sufficiently small, we have:
Proof. 
∞ (ζ; µ), ζ; µ) = E we have:
∞ (ζ; µ), ζ; µ), we get: 
Existence of unstable orbits
Following [12] , we show now that the invariant partially hyperbolic tori, whose existence is ensured by Theorem 3.1, can be easily used to construct orbits with an excursion of order one in the actions, provided that the unstable whisker of each torus intersects transversally the stable whisker of the next one. The construction of such an unstable orbit can be seen as a generalization of the one in [2] and §23 of [5] . We also extend this procedure, via an elementary argument of point-set topology, showing the existence of an orbit "drifting towards infinity", as stated in (4.1); see also [16] . Inclination Lemmas and diffusion paths are also considered in Section 4 of [19] .
The proof presented here is essentially "topological", in the sense that it makes use only of the continuous dependence on the initial data, so that it covers also cases in which the Hamiltonian has less smoothness.
The problem of showing the validity of the hypothesis of transverse intersection of the whiskers is not addressed in this paper. This assumption is established in [11] for a-priori unstable systems, under suitable regularity conditions and non-degeneracy of the perturbation. Proof. Consider a neighborhood U i of the i-th torus in which the normal form above holds; the condition of transversality assures the existence of a piece of the stable manifold of the (i + 1)−th torus lying in U i . It is not difficult to see that this piece of manifold contains a curve at constant
∩ U i and the evolution at time t (in local coordinates) of the point (I
where
and ζ ′ ≡ p ′ q ′ . Hence, using also the irrationality of ω i (p ′ ), one can see that, given any neighborhood B i of a point in W For the drift towards infinity, notice that, as below, one can construct a sequence of closed ball {B j } j∈N and a sequence of times {t j } j∈N such that
Hence, defining B j ≡ Φ −t1−...−tj−1 (B j ) for any j ∈ N, j ≥ 2, we have that B j ⊆ B j−1 ⊆ B 1 . A well known argument shows that the intersection of all the B j 's is not empty. So if η ∈ B j , the orbit (I(t), ϕ(t), p(t), q(t)) = Φ t (η) has the desired property (4.1).
For further details about the construction of such unstable orbits see [12] .
5 Whiskered tori for a-priori unstable systems
The following Lemma provides a good "normal form" for the unperturbed part of an a-priori unstable system: Lemma 5.1 Let H(I, ϕ, p, q) = R(I; µ) + P(I, p, q; µ) be analytic for I in a domain of R d−1 , p and q in a neighborhood of the origin. Fixed µ ∈ R, assume that
Then, there exists a canonical transformation (I, ϕ, p, q) 
Also, if there existμ > 0 such that, for any |µ| ≤μ,
for a suitable positive constant C, independent of µ, then there exists µ 0 > 0 such that the above transformation depends analytically on µ, for |µ| ≤ µ 0 .
Proof. See [27] , where the convergence of the Birkhoff series is shown, or Appendix A3 of [11] , in which a KAM algorithm is used. See also [13] for a more general approach.
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Remark. In case condition (5.3) is not fulfilled, the above transformation may experience a very drastic loss of regularity in the parameter. This can be understood looking at equations (A3.9) and (A3.42) of [11] , or just considering the following example. We claim that there is no canonical transformation p = p(p ′ , q ′ ; µ), q = q(p ′ , q ′ ; µ), continuously depending on the parameter µ, that sends the Hamiltonian
, with G depending continuously on µ. Arguing by contradiction, we would obtain
and analogously ∂ q ′ p(0, 0; 0) = 0. Hence
which contradicts that the transformation is symplectic.
Here is the application of the KAM Theorem to the a-priori unstable systems:
H(I, ϕ, p, q) = R(I; µ) + P(I, p, q; µ) + µf (I, ϕ, p, q; µ)
be an a-priori unstable Hamiltonian according to Definition 2.2. Assume that H 0 ≡ R + P is isoenergetically non-degenerate on the level surface H 0 = E. Then ∃µ 0 > 0 such that, if |µ| ≤ µ 0 , the energy level is filled by whiskered tori with density at least 1 − O( √ µ 0 ). More precisely:
There exist µ 0 and R ∞ , 0 < µ 0 ≤μ and 0 < R ∞ ≤ R, such that, for |µ| ≤ µ 0 , there exist:
(e1) a smooth canonical transformation Φ, close to the identity and real analytic (for a fixed action) in the angles, in the hyperbolic variables and in the parameter µ, 
Denoting by Dens E [resp., by dens E ] the (2d − 1)−dimensional restriction of the Lebesgue density on the energy level
, the d−dimensional restriction in the space of the actions of the Lebesgue density on the energy level], we have
We have the following equality of sets:
(P 5) Denoting by dens E the (d − 2)−dimensional restriction of the Lebesgue density to the manifold defined by the energy relation h ∞ (I ′ , 0; µ) = E,
Proof. Using Lemma 5.1, we obtain the new Hamiltonian
Notice that by (5.2) the matrices of isoenergetic non-degeneracy of h ⋆ and H 0 agree in the origin of the hyperbolic coordinates; and by (5.1)
Therefore, Theorem 3.1 can be applied.
6 Whiskered tori for a-priori stable systems
In this section, ε will be a strictly positive, fixed, small parameter. Our target will be to look at an a-priori stable system near a simple resonance and recognize that these systems (under extremely mild conditions) are "hyperbolic in the first order". In this way we will be able to apply the previous results to the a-priori stable case too.
We note that this implies that the d−dimensional resonant tori break down for generic perturbations, creating (d − 1)−dimensional whiskered tori. The mechanism of such a breakdown was considered, without measure estimates, in [38] and [25] . Moreover, iff has a non singular maximum and a nonsingular minimum, we can make the previous choice ofq in order to verify
Proof. Apply the Implicit Function Theorem to
near I =Ī, p =p, q =q and ε = 0.
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The following Lemma sets the equilibria found in (6.2) in the origin:
Lemma 6.2 Consider the Hamiltonian system (6.1), under the same assumptions as the previous Lemma. Let ϕ ∈ T d−1 denote the angles conjugated to the actions I. Then, the canonical transformation associated to the generating function G(I [1] , p [1] , ϕ, q) = q − q(I [1] ; ε) p [1] + p(I [1] ; ε) sin q − q(I [1] ; ε) + ϕ · I [1] sends the Hamiltonian (6.1) into a new Hamiltonian
Proof. Straightforward check.
We now inspect the hyperbolic structure of the above h [1] near I =Ī and p = 0 = q, showing that, for ε small enough, h [1] inherits such a hyperbolic structure from the one of h [0] stated in (6.3). In detail:
Lemma 6.3 Let h [1] be the Hamiltonian obtained from h [0] in the previous Lemma. Define
h [1] (I, p, q; ε) .
Then,
(p,q) f , with the functions on the right hand side evaluated in p = p(I; ε) and q = q(I; ε). In particular, if ε is small enough, λ(Ī, 0, 0; ε) is real and positive, and |ℜλ(I, p, q; ε)| ≥ c * √ ε, for a suitable constant c * , for any I in a suitable neighborhood ofĪ and p and q near 0.
Lemma 6.4 Consider the system (6.1). Assume that (Ī,p) ∈ R d−1 × R verifies ∂ p h(Ī,p; 0) = 0 and ∂ 2 p h(Ī,p; 0) = 0. Assume that the functionf (q) ≡ f (Ī,p, q; 0) has a non singular maximum and a non singular minimum. Then, there exists a canonical transformation (I, ϕ, p, q) ←→ (I [2] , ϕ [2] , p [2] , q [2] ), defined for p [2] and q [2] in a neighborhood of 0, I [2] in a neighborhood ofĪ and ϕ [2] ∈ T d−1 , with new Hamiltonian h [2] (I [2] , ζ [2] ; ε) verifying
for a suitable constant c * , for any I [2] in a suitable neighborhood ofĪ, p [2] and q [2] near 0, where we defined ζ [2] ≡ p [2] q [2] and λ(I, p, q; ε) is defined in (6.5). Furthermore,
Proof. First apply Lemma 6.2 to obtain a Hamiltonian like (6.4), and recall also Lemma 6.3. Then apply Lemma 5.1.
The next theorem will show the existence of whiskered tori near simple resonances for a-priori stable systems. It will follow via Corollary 3.2, applying the previous Lemmas, where (J 1 , . . . , J d ) and (ψ 1 , . . . , ψ d ) in the next statement will correspond respectively to (I 1 , . . . , I d−1 , p) and (ϕ 1 , . . . , ϕ d−1 , q) of the Lemmas above. This is done making use of a classical result in perturbation theory, namely the Averaging Theorem (see, for instance, §5 of [3] and §52 of [4] ).
Theorem 6.5 Fix ν ∈ N, ν ≥ 2. Consider the system H(J, ψ) = h(J) + εf (J, ψ; ε), with h and f real analytic for J in a domain of R d and ψ ∈ T d . Assume that h is isoenergetically non-degenerate on the energy level h = E with respect to the first (d − 1) action variables. LetJ be such that
Assume that FJ has nonsingular maximum and minimum. Then, a suitable subset (depending on ν) of the energy level nearJ, is filled by whiskered invariant tori with density at least 1 − O(ε ν/2 ), provided that ε is small enough; more precisely, the tori [resp., the fan 5 ] fill the space, nearJ, with (2d − 3)−dimensional density [resp., (2d − 1)−dimensional density] at least 1 − O(ε ν/2 ). More precisely: there exist
such that:
In the coordinates (I ′ , ϕ ′ , p ′ , q ′ ), the above mentioned tori are given by
The corresponding (local) whiskers are
for a suitable R ∞ > 0. Furthermore: for any I ′ ∈ Ω 0 ε,ν there exists a smooth function I I ′ ,ε,ν : R −→ R d−1 such that I I ′ ,ε,ν (0) = I ′ and
Proof. Making use of the Averaging Theorem, we can find a canonical transformation, close to the identity for small ε, sending the Hamiltonian H(J, ψ) of the hypothesis into H ♭ (I, ϕ, p, q) = h(I, p) + εf ♭ (I, p, q; ε) + O(ε ν ). Such a transformation is defined in a suitable neighborhood ofJ (which is small if ν is big). Moreover
5 Recall the notation of the fan at page 10.
Then, use Lemma 6.4 and Corollary 3.2 with µ ≡ ε ν . Notice also that it is important that Theorem 3.1 contains a quantitative estimate on how small µ 0 is. In particular, it must be smaller than κ * λ 2 0 , and this estimate is satisfied if λ ≈ √ ǫ, and µ ≈ ǫ ν , with ν ≥ 2.
The statement of the previous Theorem can be sharpened considering Diophantine simple resonances and optimizing the choice of ν as done in the Nekhoroshev theory:
Theorem 6.6 Consider the system H(J, ψ) = h(J) + εf (J, ψ; ε), under the same assumptions as Theorem 6.5. Assume also that ∂ (J1,...
Then, if ε is small enough, a neighborhood ofJ in the energy level is filled by whiskered invariant tori with density at least
, where c > 0 is a suitable constant. More precisely, the tori [resp., the fan.] fill the space, nearJ, with (2d − 3)−dimensional density [resp., (2d
Proof. Following the notations of [34] , we set Λ ≡ {n = (n 1 , . . . ,
, and 8) where the c i 's are suitable constants, chosen so that the hypotheses of the "Normal Form Lemma" of [34] , page 192, are verified. Applying it to H(J, ψ), it leads to the new Hamiltonian
and the size of f * is controlled by ε e Notice that, in the proof of the previous Theorem, an explicit dependence of the constants with respect to the size of the domain of analyticity can be easily carried out. Namely, if the strip of analyticity in the angles ψ has width ξ, then the "Normal Form Lemma" bounds the size of f * by ε exp(−Kξ/6), where K is defined in (6.8) . Related measure estimates for elliptic equilibria can be found in [15] and in Section 4.1.5 of [7] .
Proof of the KAM Theorem about partially hyperbolic tori
Proof of Theorem 3.1. The proof presented here makes use of a Newton-type algorithm, that will provide a sequence of canonical transformations converging on a suitable Cantor set. The general step of the algorithm can be summarized as follows:
Defining recursively suitable quantities as in (7.27)- (7.35) , and assuming condition (7.36) [which is fulfilled by γ 0 = O( √ µ 0 )], there exists a sequence of canonical changes of variables Φ j , converging in a suitable Cantor set, transforming the Hamiltonian (3.1) into H j = h j + f j , with h j depending only on the actions and on the product of the hyperbolic variables, and sup Vj |f j | ≤ θ j , where V j is a sequence of sets, converging to a Cantor set, and θ j converges to zero super-exponentially fast. Also, the set V j can be written as follows:
and there existsĪ ∈ D τ st |I − IĪ j (pq; µ)| ≤ρ j , where D τ is defined in (3.4) , the quantities R j ,ρ j and ξ j are defined in (7.27)-(7.35), and I j and α j are functions defined via the Implicit Function Theorem by the relations
The fact that the KAM tori are of codimension (not higher than) one, i.e. p and q are (at most) one-dimensional, is crucial, in this argument, for the estimate on the small divisors.
In order to have dimensional estimates, we introduce a constant c with the dimensions of the inverse of an action. This is done only to have "dimensional" estimates: the reader who does not find it useful may set c = 1 in the sequel. In this way the matrix of isoenergetic non-degeneracy becomes
In the sequel, we will often make use of the following easy relation: for δ < 1
Also, we will use that, if a ≥ 0, 0 < δ < 1, then there exist two constants C and C ′ (depending only on d and a) such that
Now we start the iterative process. The first step is slightly different from the other ones, since we need to build the first couple of functions I For any real analytic F (I, ϕ, p, q; µ) we will write the Taylor-Fourier expansion
Also, without loss of generality, we may assume that ∀|I − I * | ≤ 2ρ 0 , |p| ≤ 2R 0 , |q| ≤ 2R 0 , |µ| ≤ 2µ 0 , we have that |ℜ∂ ζ h 0 (I, pq; µ)| ≥ λ 0 /2. THE ITERATIVE SCHEME. Fix N 0 suitably large (see (7.7) below) andρ 0 suitably small (see (7.11) below). Also define ξ 0 ≡ ξ/2 and fix δ 0 , 0 < δ 0 < min{1, ξ 0 /4}. Denote f 0 kjn the Taylor-Fourier terms of f 0 . Set
and there existsĪ ∈ D τ st |I − IĪ 0 (pq; µ)| ≤ρ 0 .
In the definition of V 0 ρ0,R0,ξ0,µ0 , the index "0" high above refers to the index "0" of I I 0 . We now consider the Lie transform (I, ϕ, p, q 
. From (7.4):
The next c i 's in this section stand for suitable constants (that can be explicitly determined by the algorithm). Set γ * 0 ≡ min{γ 0 , λ 0 }. From (7.2):
where we have chosen
Furthermore, from (7.5), (7.1) and (7.2):
Estimates on the small divisors. Assume that
the inequality above following from (7.10). Now, ∀Ī ∈ D τ and n ∈ Z d−1 − {0},
Thus, if |I − IĪ 0 (ζ; µ)| ≤ρ 0 ,
One needs the dummy definition of A * 0 just to make the notation uniform with the j−th step of the algorithm, in which one will set A * j ≡ max{A 0 , A j }.
Besides, since ω 0 (Ī) is real, if k = j and |I − IĪ 0 (ζ; µ)| ≤ρ 0 :
14)
The estimate on the small divisors in χ 0 is thus given by (7.13) and (7.14). These inequalities also show the convergence of the series defining χ 0 on V 0 ρ0,R0,ξ0,µ0 . Estimates on the Lie transform. From the estimates on the small denominators and (7.2), it follows that sup
so that, by the Cauchy Estimate: 16) where κ i 's denote suitable constants (depending only on d and τ ). Hence, using Lemma A.3, ∀|t| ≤ 3, (7.17) provided that
Using Lemma A.5 (at the first order for f 0 and at the second order for h 0 ) one has
This implies, by (7.5) , that
By Lemma A.6, (7.15) and (7.8), making use of (7.17) to control the domains, we obtain:
Hence, by (7.6)
, we obtain a new Hamiltonian like (7.19) with
By the Implicit Function Theorem, we obtain two functions I 
|f 1 | ≤ θ 1 , and we can iterate the previous arguments (writing the appropriate index instead of the index 0), from (7.4) onwards.
ITERATION OF THE ALGORITHM. Set γ * ≡ min{γ 0 , λ 0 /2}. Fix a suitable ℓ > 1, and define recursively:
Iterating the scheme, one obtains
with sup
. In order to apply recursively the algorithm above, one has to check that the following conditions are satisfied at the general−th step of the scheme:
(C1) The sup [resp., the inf] over V of a quantity involving only h (or its derivatives up to a suitable order) is less or equal than the double of the corresponding sup [resp., greater or equal than the half of the corresponding inf] over V 0 of the corresponding quantity with index 0 (e.g.: λ ≡ inf V |∂ ζ h| ≥ λ 0 /2, etc.), (C2) The matrix U is nonsingular on V, To prove (C1)-(C4), we will assume the following main condition:
where K 1 and K 2 are suitable constants. We remark [see (7.42 ) below] that this condition is satisfied choosing γ 0 = O( √ θ 0 ), for θ 0 small enough, θ 0 ≤ O(λ 2 0 ). The proof of (C1)-(C4) is by induction, assuming them true for i = 1, . . . , − 1. In these pages, k i 's will stand for suitable constants. First notice that, by definition of h, the relation λ ≥ λ −1 /2 follows, and so γ *  ≥ γ * −1 /2. Notice also that ε i ≥ ε Therefore, defining Λ 0 ≡ log(1/ε 0 ),
Making use of the inductive hypothesis, this implies that
, ∀1 ≤ i ≤ − 1 . Then, the KAM condition (7.36) is satisfied. Since h ∞ is isoenergetically non-degenerate for I and ζ sufficiently close to I * and 0 respectively and for µ 0 small enough, without loss of generality, we may assume that inf I∈B, |ζ|≤R 2 ∞ ,|µ|≤µ0
where B stands for a suitable (d − 1)−dimensional domain. Then, if we denote by the symbol "tilde" the projection onto the first d − 2 components and by ι the function implicitly defined by h ∞ (Ĩ, ι(Ĩ), 0; µ) = E, Proposition 2. Given I, letĪ be the component in the actions of G −1 (∂ I h ∞ (I, 0; µ), E). From (7.43) it follows that A(Ĩ) = A(ĨĪ ∞ (0; µ)), proving the existence in (7.45). The uniqueness follows from the fact that IĪ ∞ (0; µ) = Iȳ ∞ (0; µ) and h 0 (Ī, 0; 0) = E = h 0 (ȳ, 0; 0) imply G(Ī, 1 + αĪ ∞ (0; µ)) = G(ȳ, 1 + αȳ ∞ (0; µ)). Then, (3.12) readily follows from (7.45). The other characterizations of the set of validity of the Theorem and the related estimates on the measure can be proved with similar arguments. Assume that χ(x, y) is real analytic on V r . Fixed r ′ ∈ R 2d , 0 ≤ r
